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FOLIATIONS WITH A MORSE CENTER

A. LINS NETO

ABSTRACT. We say that a holomorphic foliation F on a complex surface M has a Morse center
at p € M if F has a local first integral with a Morse singularity at p. Given a line bundle £
on M, let Fol(M, L) = { foliations F on M such that T*(F) = L} and Folc (M, L) be the
closure of the set {F € Fol(M, L) |F has a Morse center}. In the first result of this paper
we prove that Folo (M, £) is an algebraic subset of Fol(M, £). We apply this result to prove
the persistence of more than one Morse center for some known examples, as for instance the
logarithmic and pull-back foliations. As an application we give a simple proof that R(1,d+1)
is an irreducible component of the space of foliations of degree d with a Morse center on [P?,
where R(m, n) denotes the space of foliations with a rational first integral of the form f™ /g™
with mdg(f) = ndg(g).

1. BASIC DEFINITIONS AND RESULTS

Given a complex surface M and a line bundle £ on M we will denote by Fol(M, £) the set of
holomorphic foliations on M with cotangent bundle £ (cf. [Br]),

Fol(M,L) :={F | Ty =L} =PH (M, TM & L) .

Of course, we will assume that Fol(M, £) # (. In this case, if M is compact then Fol(M, L) is a
finite dimensional projective space.

When M = P? then the degree of a foliation F, dg(F), is the number of tangencies of a F
with a generic straight line of P2. If dg(F) = d > 0, then F € Fol(P?,O(d — 1)) and we will
denote Fol(P%2, O(d — 1)) := Fol(d).

Definition 1. We say that p € M is a Morse center of F € Fol(M, L) if p is an isolated
singularity of F and the germ of F at p has a holomorphic first integral with a Morse singularity
at p.

Remark 1.1. Definition 1 can be rephrased as follows: the germ of F at p is represented by
some germ at p of holomorphic vector field X with an isolated singularity at p and there exists
a germ f € O, such that X(f) = 0 and p is a Morse singularity of f. By Morse lemma,
there exists a local holomorphic coordinate system (z,y) € C? such that f(z,y) = xy. If
X = P(z,y) 0, + Q(z,y) 0y in these coordinates, then X (f) = 0 implies

yP(x,y) +2Q(z,y) =0 = X = f(z,y) (29 —y9,) ,

where f(0,0) # 0. In particular, the Baum-Bott index of F at p is zero and its characteristic
values are both —1.

Recall that if F has a non-degenerate singularity at ¢ € M and is represented by a vector
field Y near ¢ and the eigenvalues of DY (q) are A1, A\ # 0 then the characteristic values are
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A1/A2 and Aa2/A;, whereas the Baum-Bott index is

(DY) X A
SOV (@) M A

We will denote by Folg (M, £) the closure in Fol(M, L) of the set
{F € Fol(M, L) | F has a Morse center}.
When M = P2, we will use the notations Fol(d) := Fol(P?, O(d — 1)) and
Folc(d) := Folg(P?,O(d — 1)), d > 0.

A well-known fact is that Folo(d) is an algebraic subset of Fol(d) (cf. [Mol]). In our first
result we generalize this fact.

BB(F,q)

Theorem 1. Assume that M is compact and Fol(M, L) # 0. Then Folc(M, L) is an algebraic
subset of Fol(M, L).

A natural problems that arises is the following :
Problem 1. Classify the irreducible components of Folc(M, L).

In the case of P? three cases are known : Folg(0), Folc(1) and Folg(2). For instance,
Folc(0) = () because any foliation of degree 0 is equivalent the foliation defined by the radial
vector field R = x 0, + y 0y, which has no Morse centers (cf. [Br]).

On the other hand, any foliation F, € Fol(1) can be defined by a holomorphic vector field
on P2. Hence, if F € Fol(1) has a Morse center, then in some affine coordinate system it can
be defined by the linear vector field X = 20, — yd,. It follows that Folc(1) is the closure of
the orbit of F, under the natural action of Aut(P?) on Fol(1). In particular, this implies that
Fol(1) is irreducible and dimg(Fola (1)) = 6.

The case of Folx(2) is not so simple, but it is known that it has four irreducible components.
Before describe them, let us consider a class of foliations with a Morse center.

Example 1 (Foliations defined by closed 1-forms). Let w be a closed meromorphic 1-form on
the complex surface M, w # 0. It is known that w defines a foliation on M, which we will denote
by F., (cf. [Br]). In an open set V. C M \ |w|s, diffeomorphic to a polydisc, F can be defined
by a holomorphic vector field X such that w(X) = 0. Since V is simply-connected, there exists
f € O(V) such that w|y = df. In particular, f is a holomorphic first integral of F,, on V and if
f has a Morse singularity p € V then p is a Morse center of F,,. We will consider the following
two cases :

(a). w=dF, where F' is meromorphic on M. In this case F' is a first integral of F,,.

(b). w is a logarithmic 1-form on M, that is |w|s # 0 and (w) is reduced.

Let us consider M = P? and II: C3 \ {0} — P? be the canonical projection. If w is a
meromorphic closed 1-form in P? then the 1-form Q = IT*(w) is closed and satisfies

ir(Q) == Q(R) =0,

where R = 29, + y 0, + 20, is the radial vector field in C?. We can write () = Ffl...F,f"‘,
where F; € Clz,y, 2] is a homogeneous of degree d; € N and ¢; € N, 1 < j < k. In this case, it

can be proved that (cf. [Ce-Mal)
dF; G
Aj? d(Ffll...F]fk_1> ’

1 J

k
Q:

J
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where A; = Res(Q, F; = 0) = Res(w,II(F; = 0)), 1 < j <k, dg(G) = Zle(ﬁj —1)d; and

Z;”:l d; A; = 0. We will say that © represents F,, in homogeneous coordinates. Let us observe

the following facts :

o If wis exact then \; = ... = \y = 0 and Q = d(G/F), where F = F{* =1 Fi 1.
o If w is a logarithmic form then ¢; =1, A\; #0,1 < j <k, and

dF;
(1) 0= Z N

Denote by (2)o the divisor of zeroes of €, that is the codimension one part of
sing(2) = {q € C*|Q(q) = 0}.
e If w is logarithmic then k£ > 2 and
(2) dg(Fo,)=di + ... +dr —2 —dg((Q)o) -

e If w is logarithmic and F,..., F are generic polynomials of degrees dy,...,ds, then
(Q)o = 0 and F,, € Fol(d), where d = dy + ... + dj, — 2.
We will use the notation
L(d1,...;di) = {Fo | I*(w) is like in (1) and dg(F;) =d; , 1 <j <k} .
Note that £(dy, ..., d) C Fol(d).

Observe also that if k = 2 then the relation A1 d; + Az do = 0 implies that we can assume

dFy dFy  d(F{*/F®) g
—dy —— +d — === - 7 — Y/
R 'R Fiv /P 2/

Q:

is a first integral of JF,,. In this case we use also the notation £(d;,ds) = R(d1, d2).

Denote by P, C PClx,y, z] the projectivization of the set of homogeneous polynomials of
degree ¢. Given D = (dy, ..., dy) then the set

k
P(D,k) 1= (F1, o0 Fiy My ooy M) € Pty X oo X Py x CF | Y " Ndj =0
j=1

parametrizes £(D) := L(d1, ..., dj) as
(F, A) = (Fl,...,Fk,)\l, ---;/\k) S P(D, ]{1) — .FQ(RA) ,

where,

We will denote by F(F, A) the foliation of P? which is represented in homogeneous coordinates
by the form Q(F,A). With the above notations, in the next section we will sketch the proof of
the following result:

Proposition 1. There exists a Zariski open and dense set Z C P(D, k) such that

(a). If (F,A) € Z then dll singularities of F(F,A) are non-degenerate. In particular,
F(F,A) € Fol(d) with d = dy + ... + dy — 2 and #(sing(F(F,\))) =d*> +d + 1.
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(b). If (F,A) € Z then F(F,A) has N(d) Morse centers, where
N(d)=d>+d+1- did; .
i<j
In particular, if d > 2 then N(d) > 0 and L(d4, ...,d) C Folc(d).
Example 2 (The exceptional component of Folc(2)). Let f(z,y,2) = 2 — 3y x 2 and
g(w,y,2) = 22 +yz—a®/2.

Then the foliation F, on P? with first integral f2/g> is of degree two. In fact, as the reader can
check, z divides the form = 2 % -3 % and so dg(F,) =34+2—-2—dg((2)o) =2 by (2). The
foliation F, has a Morse center at the point [0: 0 : 1] € P2,

In fact, it can be represented in the affine coordinate system z = 1 by the form

w=(y—a®+y*)de+z(1-y/2)dy

or by the vector field X = z(1 —y/2)0, — (y — 2? + y*)9, and so it has a non-degenerate
singularity at (0,0) with characteristic values —1. It is a Morse center because F, has a first
integral.

We denote by £(2) the orbit of F, under the action of Aut(P?) :

£(2) = {T*(F,) | T € Aut(P?)} .

Now, we can describe Folz(2). The next result is a consequence of Dulac’s classification of
quadratic differential equations in C? with a Morse center (cf. [Du]) and of a result of [Ce-LN].

Theorem 1.1. Folx(2) has four irreducible components: R(1,3), £(1,1,2), £(1,1,1,1) and
£(2).

Now, let us state some known results about the components of Folo(d), d > 3. Before state
the first result, let us fix some notations. Recall that a foliation F € Fol(d) can be defined in an
affine coordinate system (x,y) € C? C P? by a polynomial vector field X = P9, + Q 9,,, with

P(z,y) = p(z,y) + z.g(z,y)

Qz,y) = q(x,y) +y.9(z,y)
where maxz(dg(p),dg(q)) < d and g is homogeneous of degree d. Note that g = 0 if, and only
if, the line at infinity of the affine coordinates, denoted by L., is F-invariant. When g # 0
then the intersection of the directions defined by g(x,y) = 0 and L., are the tangent points of
F with this line. In some contexts, like for instance in Ilyashenko’s works, the line at infinity is
invariant by the foliations. Motivated by this, we will use the following notation

Fol(d, Loo) = {F € Fol(d) | Lo is F — invariant}

)

and

Fole(d, Loo) = Folg(d) NFol(d, L) -
The first result in the study of Folo(d, Lo ) was Dulac’s theorem (cf. [Du]) in the case d = 2.
The second one, due to Ilyashenko [Il], can be stated as follows

Theorem 1.2. R(1,d+ 1) NFola(d, L) is an irreducible component of Folc(d, Lo).
After that, J. Mucifio in [Mu] proved the following :
Theorem 1.3. If k > 3 then R(k, k) is an irreducible component of Folc(2k — 2).

Remark 1.2. We would like to observe that R(1,1) = Fol(0) and that R(2,2) is not an
irreducible component of Folx(2) because it is a proper subset of £(1, 1, 2).
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The general case for foliations with a rational first integral was proved by H. Movasati in
[Mol].

Theorem 1.4. If dy + dy > 5 then R(d1,dz) is an irreducible component of Folc(dy + da — 2).

The case of logarithmic foliations, in the context of foliations with L., invariant, was consid-
ered also by H. Movasati. Given k > 2 and D = (dy, ..., dy), set
Loo(D) := L(1,d1,...,d;) NFol(d, L),
where d = dy + ... + di — 1.

Theorem 1.5. Given D = (dy,....,dg) withk >2 andd=dy + ... +dp — 1 > 2, Lo(D) is an
irreducible component of Folc(d, Lo).

In some of the above results, one of the tools of the proof is to prove that when we perturb
the foliation in such a way that some of the centers persits then all others persist after the
perturbation (see for instance [I1]). Motivated by this fact, we consider the following situation:
let £ be a line bundle on a compact surface M. Assume that Fola (M, L) # () and let V be an
irreducible component of Folo (M, L). Let F, € V and p, be a Morse center of F,. Since p,
is a non-degenerate singularity of F,, by applying the implicit function theorem, there exists a
holomorphic map F — P(F), defined in some neighborhood U of F,, such that:

e P(F) € (M,p,) is a non-degenerate singularity of F for every F € U.

Definition 2. In the above situation, we say that p, is a persistent center in V (briefly p.c. in
V) if P(F) is a Morse center of F for every F € VNU. We set

Npc(F,, V) = number of persistent centers of F, in V
and
Npc(V) = max {Npc(F,V) | F € V}.
We need another definition.
Definition 3. Let F, € Fol(M, L) and p, be a non-degenerate singularity of F,. Let
G:10,1] = Fol(M, L)

be a continuous curve with G(0) = F,. We say that p, can be continued along G if there exists
a curve v: [0,1] — M such that (0) = p, and 7(¢) is a non-degenerate singularity of G(t) for
all t € [0,1]. We say also that v is a continuation of p, along G.

Now we can state the following result:

Theorem 2. Let V be an irreducible component of Folo(M, L). Fix F, €V and let p, be a p.c.
inV of Fo. Let G: [0,1] = V be a continuous curve with G(0) = F, and assume that p, can be
continued along G by a curve y: [0,1] = M. Then (1) is a p.c. inV of G(1).

A straightforward consequence is the following :

Corollary 1. Let V be an irreducible component of Folc(M, L) and F, € V be a foliation with
k > 2 Morse centers, say p1, ..., Pk, where p1 is a p.c. in V. Assume further that there exist
continuous curves G;: [0,1] =V, j =2,..., k, such that
(a). Gj(0) =G;(1) =F,, forallj=1,.. k.
(b). For all j = 2,..,k, p1 admits a continuation ~;: [0,1] — M along G; such that
(1) =pj, 2<j <k
Then pa, ..., px. are persistent centers of F, in V and Npc(V) > k.
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As an application of corollary 1 we will prove that all centers of a generic logarithmic foliation
are persistent in the irreducible component. At this point we should say that Movasati’s theorem
1.5 was only proved in the context of foliations with the line at infinity invariant. It is not known
if £(dy,...,dy) is an irreducible component of Folc(d), d = dq + ... + d, — 2. However, we have
the following :

Corollary 2. Let k> 2, D = (dy,...,dy), d=dy + ... +dp —2 > 2 and
ND)=d>+d+1-> did;.
i<j
Denote by V(D) the irreducible component of Folc(d) that contains L(D). Then the generic

foliation F € L(D) has N(D) Morse centers. Moreover, all these centers are persistent in V(D)
and Npc(V(D)) = N(D).

As a consequence we will give a simple proof that R(1,d + 1) is an irreducible component, of
Foleo(d) for all d > 2.

Corollary 3. R(1,d+ 1) is an irreducible component of Folz(d) for all d > 2.
Another class of foliation with Morse centers are the so called pull-back foliations.

Example 3 (Pull-back foliations). Let M, N be compact surfaces, G € TFol(M,L) and
W: N --» M be a rational map of topological degree k > 2. We would like to remark that
in some cases F := ¥*(G) has Morse centers. In fact, assume that:

(i). ¥ has a fold curve C and D := ¥(C).
(ii). There are smooth points p € C and ¢ = ¥(q) € D such that ¢ ¢ sing(G), but G has a
non-degenerate tangency with D at q.

In this case, p is a Morse center of F. In fact, (i) and (ii) imply that there exist local coordinate
systems, (U, (z,y)) at the source and (V, (u,v)) at the target, such that:
(iii). CNU = (y=0),DNV =(v=0),p=(z=y=0),¢= (u=v=0)and ¥(z,y) = (z,9°).
(iv). Condition (ii) implies that G has a local holomorphic first integral at ¢ of the form
g(u,v) = v +u?+ h.o.t.
It follows from (iv) that f(x,y) := g(z,y?) = 22 +y? + h.o.t. is a local first integral of F at p of
Morse type. Therefore, F has Morse centers.

In the case of M = N = P2 the map ¥ can be lifted by the projection II: C3\ {0} — P? to a
polynomial map }
U= (F,GH):C>—C?,
with I o U = W o IT, where F , G and H are homogeneous polynomials of the same degree, the
algebraic degree of ¥, which we denote deg(P).

Remark 1.3. If ¥ and G are generic, with dg(G) = d and deg(¥) = k, then
dg(¥*(G)) = (d+2)k — 2.

Moreover, all singularities of ¥*(G) are non-degenerate and ¥*(G) has

N(d, k) :=3(k—-1)(k(d+1)—1)
Morse centers. Let us denote

PB(d, k) = {¥"(G) | deg(V) =k , dg(G) = d} .

Note that if £ > 1 and d > 0 then

PB(d, k) C Folc((d+2)k —2) ,
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because N(d,k) > 0. We would like to remark that PB(0,k) = R(k,k) (because
Fol(0) = R(1,1)) and PB(1,k) = L(k,k,k) (because Fol(1) = £(1,1,1)). Therefore, a natu-
ral question that arises is the following:

Problem 2. Is PB(d, k) an irreducible component of Folo((d+2)k —2) if k> 2 andd > 2 ¢
Another consequence of theorem 2 is the following :

Corollary 4. Let d,k > 2 and V(d, k) be the irreducible component of Folc((d+ 2)k — 2) which
contains PB(d, k). Then the generic foliation F € PB(d, k) has N(d, k) = 3(k—1)(k(d+1)—1)
Morse centers. Moreover, all these centers are persistent in V(d, k) and Npc(V(d,k)) = N(d, k).

We finish this section with an example.

Example 4 (An example with Folg (M, L) = Fol(M, L)). Let M be the rational surface ob-
tained by blowing-up a point p € P2. Denote by 7: (M, E) — (P2?,p) the blow-up map, where
E =7n71(p) is the associated divisor. Given G € Fol(d), where d > 2 and p ¢ sing(G), set
Fg :=7*(G). Since p ¢ sing(G) it is known that (cf. [Br]) :

e I is Fg invariant.

e Fg has an unique singularity p in E, which is a Morse center of Fg.

o T3 =1"(1g) ® Om(E). In particular, Fg € Fol(M, £), where

L=1"(0(d—-1))®On(E).
e The map 7*: Fol(d) — Fol(M, £) is an isomorphism, because 7: M — P? is birational.

This implies that Folg(M, L) = Fol(M, L), because the set {G € Fol(d) | p ¢ sing(G)} is a
Zariski open and dense subset of Fol(d).

2. PROOFS

2.1. Proof of Theorem 1. Let M be a compact complex surface and £ be a line bundle such
that Folo (M, L) # (. We will assume also that Folc(M, £) G Fol(M,L). Let us consider the
analytic subset S(£) of M x Fol(M, L) defined by

S(L)={(p,F) € M x Fol(L),|p is a singularity of F} .
We call §(L) the total space of singularities of Fol(M, L). The set
Sag(L) = {(p, F) € S(L) | p is a degenerate singularity of F}
will be called the total space of degenerate singularities of Fol(M, £). Observe that Sqq(£) is an
analytic subset of S(£). We leave the proof of this fact to the reader.
The total space of Morse centers of Fol(M, L) is, by definition the set
Sc(L) :={(p,F) € S(L) | pis a Morse center of F} .

Note that, by definition Sc(£) C S(£) \ Sqq(L), because a Morse center is a non-degenerate
singularity.
Remark 2.1. Denote by Py: S(L£) — Fol(M, L) the restriction of the second projection to S(L),

PQ(p7‘F) = HZ(pvj:) =F ) (p,]:) € S(‘C) :

Note that Folg(M, L) = P (SC(L)), where S¢(L£) denotes the closure of S¢(£). On the other

hand, P, is finite to one in the subset of S(£) such that the singularities of Py(p, F) = F has
only isolated singularities, because in this case the number of singularities of F, counted with
multiplicities, is given by (cf. [Br])

(L) =L+ L. Ky + Cy(M) ,
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where Kj; and Co(M) are the canonical bundle and the second Chern class of M, respectively.
In particular, this implies that P, is proper. The idea is to prove that S¢(£) is an analytic
subset of S(L£). This will imply, via the proper map theorem, that P, (m) = TFol¢(M, L) is
an analytic subset of Fol(M, £), and therefore an algebraic subset, by Chow’s theorem.

First of all, we will prove that Sc(L£) is an analytic subset of S(L) \ Sge(£). Fix
(Po, Fo) € Sc(L), so that p, is a Morse center of F,. As we have seen in remark 1.1, p, is a
non-degenerate singularity of F, and there exists a holomorphic chart v = (x,y): U — D} C C?
with p, € U, D, = {z € C||z| < 1}, ¥(p,) = 0 € D? and F, is represented in these coordinates
by the vector field X, = 0, — y9,. Since Fol(M, L) is a finite dimensional projective space,
say with dimc(Fol(M, L)) = N, there exists an affine neighborhood U of F, in Fol(M, L), holo-
morphic vector fields X1, ..., X,, on the polydisc U, such that any F € U is represented in U by
the vector field

(3) a=Xo +ZO‘J )

where « = (a1, ..., ) € A, A a polydisc of C™ Wlth 0 € A. The map o € A — X, parametrizes
the set of foliations {F|y | F € U}.
Since the characteristic values of F, at p, are both —1, by taking a smaller A if necessary,
we can assume that

e for any @ € A, X, has an unique non-degenerate singularity p(a) € U =~ D?,
where p(0) = p, and the map p: A — U is holomorphic. We can assume also that
Y(p(a)) € D1/2 for any a € A. This follows from the implicit function theorem.

e the characteristic values of X,, at p(a) are A(a) and A\(a)~!, where A\: A — C is holo-
morphic.

o Ma) ¢ R, for any a € A. This condition implies that X, has exactly two analytic
separatrices through p(«), which are smooth, for any a € A (cf. [Ma-Mo]).

Since (y = 0) C U is a separatrix of F, ~ X, by the theory of invariant manifolds we can
assume also that (cf. [H-P-S])

e for any a € A the foliation defined by X, has a separatrix S(«) through p(«) which is
a graph of a holomorphic map ¢,: D1 — Dy, S(a) = {(z, 9o (2)) |2 € D1}. Moreover,
the map ¢: D1 x A — Dj defined by ¢(z, a) = ¢ (z) is holomorphic.

Given a € A, let us consider the leaf L(a) := S(a) \ {p(a)} =~ D* of X,. Set ¥ := (z = 1/2).
Note that X cuts S( ) transversely at the point ¥NS(a) = (1/2,ya) = o, where yo = ¢(1/2, @0).
Since ¢(p(a)) € D1/2 we have p(a) ¢ X. Moreover, the homotopy group of L(«) is generated
by the closed curve 6, (0) = (e¥/2, ¢(e? /2,)), 6 € [0,27]. Therefore, the holonomy group of
L(«) can be considered as a sub-group of Dif (X, q,) and is generated by the transformation
ho € Diff(L(@),qa) corresponding to d,. Its Taylor series in the coordinate y of ¥ can be
written as

—ya+ZaJ (v —va)

where a; € O*(A) and a; € O(A) if j > 2. We would like to observe that a;(a) = €>™®) for
every a € A (cf. [Ma-Mo]).
Now, we use the following result due to Mattei and Moussu (cf. [Ma-Mo]) :
e X, has a holomorphic first integral in a neighborhood of p(«) if, and only if, h, has
finite order. Moreover, the first integral is of Morse type if, and only if A(o) = —1 and
ho = id, the identity transformation.
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In particular, p(«) is a Morse center of some X, if, and only if, A(a) = —1 and a,(a) = 0 for all
Jjz2.

Let I € O(U x A) be the ideal
(4) I'=(z—z(p(a)),y —y(p(e)), Aa) + 1,a5(a) | j = 2)

and I, be its germ at (p,,0) € U x A. Since U X A is finite dimensional, I, is finitely gen-
erated. If we identify the neighborhood U of F, with A, then J, = /I, defines the germ of
Sc (L) at (po, Fo), by Mattei-Moussu theorem. This proves that S¢(£) is an analytic subset of
S(E)\ Sug(L).

Now, we will see that for any irreducible component X of S¢(L£) there is an analytic subset Y
of §(L£) such that X is an open subset of J. This will imply that X is an irreducible component
of Y, and so an analytic subset of S(£). Given a point g, = (p,, Fo) € Sc:(L), we have seen that
the ideal (see (4))

1(qo) == (& — x(p(a)),y — y(p(a)), A(@) + 1,a;(a) | j = 2)
defines the germ of S¢(L£) at g,. Given m € N set

In(q0) = (x — z(p(@)),y — y(p(a)), M) + 1, a2(a), ..., am(a)) , if m >2
N(qo) := (x — x(p(a)),y — y(p()), \a) + 1) Jifm =1

In particular, if I,,, is a representative of the ideal I,,,(q,) and (p, F) € I, m > 1, then the
F has two local separatrices through p, which are smooth, say ¥; and ¥5. The holonomy of ¥;
is conjugated to some f; € Dif f(C,0) such that ji*(f;)(z) = 2, j = 1,2, where j{* denotes the
mth-jet of f; at 0.

Note that I(g,) = U,,>1 Im(¢) and that Ip,(q,) C Im41(go) for all m > 0. Since O,
is a noetherian ring, there exists N € N U {0} such that I(g,) = In(q,), which means that
I,(go) = In(qo) for all m > N. Since we are assuming that Folg (M, L) # Fol(M, L), we must
have N > 1. Define N: S¢(£) — N by

N(go) =min{N € N| I,(qo) = In(g5) , Ym > N} .

Observe that the function N: S¢(£) — N is upper semi-continuous. In fact, given g, € S (L)
let U be a neighborhood of g, such that the ideal Iy ,,)(g,) has a representative in U. It follows
from the definition that N(q) < N(qg,) for all ¢ € . This implies that, if X C S(L) \ Sqq(L) is
an irreducible component of S¢ (L) then:

(i). sup{N(q) | g€ X} := N(X) < 4o0.

(ii). The subset Uy (x) := N71(N(X)) is an open and dense subset of X.

Given (p, F) € S(£) \ Sq¢(L) and a holomorphic vector field X that represents F in a neigh-
borhood of p, we say that F has trace zero at p if tr(DX(p)) = 0. This condition does not
depends on the vector field X representing F in a neighborhood of p. Define

Vi :={(p,F) € S(L)\ Sqg(L) | F has trace zero at p} .
Note that if (p, F) € YV then

(iii). F has two smooth local separatrices through p.
(iv). The holonomy of both separatrices is tangent to the identity. Moreover, the order of
tangency with the identity is the same for both separatrices.
Given k > 2 define Yy := {(p, F) € 1 | the holonomy of a separatrix of F through p is
conjugated to f € Dif f(C,0) with j¥(f)(z) = z}. It follows from the above arguments that:

(v). Vi is an analytic subset of S(L£) \ Sqq(£L) for all k > 1.
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(vi). The irreducible component X of S¢ (L) coincides with one of the irreducible components
of Yn(xy (see (ii)).
By (vi) it is sufficient to prove the following:

Lemma 2.1. Y is an analytic subset of S(L) for all k > 1.

Proof. The proof will be by induction on k£ > 1.

Vi is analytic. Given (p,, F,) € V1, take a parametrization (X, )aea of a neighborhood U of
F, in Fol(M, L) as in (3), where X, is a holomorphic vector field on a neighborhood U of p,.
Then Y1 N (U x U) is defined by the analytic equations X, (p) = 0 and tr(DX,(p)) = 0.

If k > 1 then Y analytic =—> ?kﬂ analytic. Observe first that ?kﬂ C Vi, because
Vi+1 C Vi. Let (po, Fo) € Vi and X be a holomorphic vector field representing F, in a neighbor-
hood of p,. Fix a holomorphic coordinate system (U, z = (z,y)) with p, € U, 2(p,) = y(po) = 0.
Write the Taylor series of X at p, = (0,0), in this coordinate system, as

X(z) = Z a2 | Oy + Z bo27 | 0Oy
lo|=1 lo|>1
where 0 = (m,n), m,n > 0, |o| = m+mn, 27 = 2™y", and a,,b, € C. We will identify the
0t jet of X at 0, j§(X), with the point (a,,b, ||o| < L) € CE, where
L=L{¢)=2 x #{(m,n)|1 <m+n < /(}.
Claim 2.1. If (po, Fo) € Vi and X is as above, then there exists a polynomial P of L(2k + 1)
variables such that (py, Fo) € Yey1 if and only if P(52F1 (X)) = 0.

Proof. Since (p,, F,) € V1 the eigenvalues of DX (p,) are a, —a # 0 and we can assume that
the linear part of X at p, =0 is a X, where X; = 29, — yJy. According to [M], X is formally
equivalent to a formal vector field X = a X; 4+ Y, where DY (0) = 0 and [X;,Y] = 0. This
implies that X can be written as below

X(u,v) = au(l+ F(uv))d, —av (1 + G(uv))d, ,
where F and G are formal power series in one variable. On the other hand, the formal holonomy
of the separatrix (v = 0) can be obtained by integrating the formal differential equation
av .

(5) w5 =V (1+ H(re®v))

with initial condition V (0) = v,, where 1+H (z) is the formal power series of (1+G(2))/(1+F(z)),
H = (G- F)/(1+ F). Equation (5) is obtained by the restriction of the formal foliation given
by X to the cilinder {(u,v)|u = re® 6 € [0,27]}. The power series f(v,) = V(27,v,)
corresponds to the holonomy of the foliation in the section (u = r). The formal diffeomorphism

fe W(C, 0) is formally conjugated to the germ of holonomy f € Dif f(C,0) of one of the
two separatrices of the original vector field X (cf. [M]).
Equation (5) can be solved formally by series by writing the solution as

V(8,00) = ci(0)v]
j=1

and substituting in (5). This gives:

(6) Zc}(@)vi = —i ch(Q)vg 1+ H |re? ch(ﬁ) v?

Jj=1 Jj=21 Jj=1
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with initial conditions ¢1(0) =1 and ¢;(0) =0 if j > 2. If H # 0 and the first non-zero jet of H
is jEH (z) = hg 2%, he # 0, then (6) implies that

00 C€+1

c]{+z'cj:(),if1§j§€,andclf_,_l—kice_,_l:—ihgree

(@) =e ™ ¢c;(0)=0,if2<5<(, and coy1(0) = —iher' 0 .
In particular, we get
Jef (o) = vo — 2imhy vt — 4=k,

because (po, Fo) € Vi. This proves also that (p,, Fp) € Vi1 if, and only if, by = 0.
Now, we use the known fact that there exists a germ of diffeomorphism F € Dif f(C2,0) such
that (cf. [M]):
(I). F(z) = 2+G2(z)+...+Gap11(2), where G;(2) is homogeneous of degree j, 2 < j < 2k+1,
whoose coefficients are rational functions of the coefficients of j2* ™ (X).
(II) 2/c+1 (F*( 2k+1(X))) 2k+1(F*<X)) ]2k+1 (X) —
= au (L + j§(F)(wv)ds — av (1 +j§(G)(uv))d,.
Since F*(X)(w) = DF(w)~!.X o F(w), we get from (I) and (II) that the coefficients ongkH(X)
are rational functions of the coefficients of j2*™!(X). Therefore, the coefficients of 5§ (E) and of
j% (@) are rational functions of the coefficients of j2**1(X). On the other hand, we have

(). by 2% = jE(H(2)) = j§(G(2) = F(2))/(1+ F(2)) = j§(G(2) - F(=))
and this implies that hj is a rational function of the coefficients of j2k+1(X ), so that we can
write by, = P(j2FH(X))/Q(j2* ™ (X)), where P and Q are polynomials. In particular,

(o, Fo) EVe = hpy=0 <= P@GF (X)) =0,
which proves the claim. O

Let us finish the proof of lemma 2.1. Fix g, = (po, F») € Yikt1. Since Vi1 C Vi and Yy, is
analytic, fix a neighborhood U x U of g, in M x Fol(M, £) with the following properties:

(1). There exists a holomorphic chart ¢ = (z,y): U — C? such that z(p,) = y(p,) = 0 and
#(U) is a polydisk of C2.
(2). There exist holomorphic vector fields Xg, Xj..., X;;, on U such that the family

= Xo+ Z a; Xj)aea

parametrizes the foliations in U (restricted to U), where A C C™ is a polydisk. In this
way, we can consider U x U parametrized by (z,y, ).
(3). YN (U x U) is defined by analytic equations fi(z,y,a) = ... = fu(z,y,a) = 0. Set
= (fla seey fn)

According to claim 2.1 there exists a polynomial P in C*(?*+1) such that if (z, 5, a) € VN (U xU)
then

(2,9,0) € Ve N(U xU) = P(jBH1X.)=0.

Since (z,y,a) — P ( (sz)l X ) extends analytically to U x U, this finishes the proof of lemma

2.1. O
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2.2. Proof of Theorem 2 and Corollary 1. Let ) be an irreducible component of Folc (M, £),
Fo € V and pg be a p.c. of Fy in V. Let us express this condition in terms of S(£). Since pg is
a non-degenerate singularity of Fy, by the implicit function theorem there exist neighborhoods
U of Fy in Fol(M, L), U of py in M and a holomorphic map P: U — U such that

(i) U is biholomorphic to a polydisc and V N is an analytic subset of U.
(i) P(Fo) = po and sing(F)NU = {P(F)}, for all F € U.
(iii) P(F) is a non-degenerate singularity of F, for all F € U.

Lemma 2.2. In the above situation define ®: U — S(L) by ®(F) = (P(F),F). Then
d(VNU) C Sc(L). In particular, for any F € VNU, P(F) is a p.c. of F in V.

Proof. In fact, since pg is a p.c. of Fy in V, it follows from the definition of p.c. that there
exists a neighborhood Uy C U of Fy such that if F € VNU; then P(F) is a Morse center of F.
In particular, (Y NU;) C Sc(L). Since P is holomorphic, VN is an analytic subset of U and
Sc(L) is an analytic subset of S(L), we get 2V NU) C Sc(L). O

Lemma 2.2 implies the following: let SV be the irreducible component of S¢(£) containing
(Po, Fo) and Py = Ila|s(zy: S(L) — Fol(L) be as in the proof of theorem 1. Then P»(SV) =V
and Py|sy: SV — V is a ramified covering.

In fact, since SV is irreducible and P, is finite to one and proper, the set P5(SV) C Fol(M, L)
is analytic and irreducible. On the other hand, lemma 2.2 implies that ¥V N Py(SV) contains
Y NU, which is an open set of V and of P»(SV). Hence, by irreducibility of V and P»(SV) we
get P»(SV) = V. This implies also that Py|sy: SV — V is a ramified covering.

Now, let G: [0,1] — V be a continuous curve with G(0) = F, and such that p, can be continued
along G by a curve v: [0,1] — M. We want to prove that v(1) is a p.c. in V of G(1).

Define 8: [0,1] — S(£) by B(t) = (v(t),G(t)). Note that S is a lift of G: [0,1] — V by the
covering Py: S(L) — Fol(M, L) : P»o =G. Since ¥(t) is a non-degenerate singularity of G(t)
for all t € [0,1], lemma 2.2 implies that this lift is unique. It follows that 5[0,1] C SV, so that
B(1) € SV. Since Ps|sy: SV — V is open the singularity (1) must be a p.c. of G(1). O

2.3. Proof of Proposition 1 and Corollary 2. Fix D = (di,...,d;) € N*¥, k > 2. Let us
sketch the proof that the set
Z1 ={(F,A) € P(D,k) | all singularities of F(F,A) are non-degenerate}

is a Zariski open and dense subset of P(D, k). Recall that, if F' = (Fy, ..., Fi,) and A = (A1, ..., Ag),
where jd; A; =0, then F (F, A) is represented in homogeneous coordinates by the form

Let C? ~ Ey C P? be the affine coordinate system given by Ey = {(x,y,1) € C?|(x,y) € C}.
If we set f;j(z,y) := Fj(z,y,1) then F(F,A) is represented in Ey by the polynomial 1-form
frofr . w(F,A), where

or by the vector field X = X(F,A) = P(F,A) 0, + Q(F, A) 0,, where
k

k
P(F,A) = fi.fu DA a;ffj and Q(F,A) = —fi..fr 3 N
j=1

J

azfj
fi

=1
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The singularities of F(F, \) are non-degenerate if, and only if, the map ®: C2 — C2x C? given by
®(z,y) = (z,y, P(z,y),Q(z,y)) is transverse to the zero section ¥ = {(x,,0,0)|(z,y) € C?}.
This implies already that the set Z; is Zariski open. Therefore, it is sufficient to prove that
Z1 # 0. Let us sketch the proof of this fact.

Consider the analytic map X: P(D, k) x C2 — C? x C? defined by

X(F A 2, y) = (z,y, P(F,A) (2, y), Q(F, A)(z,y)) -
It is known from transversality theory that if X is transverse to X then the set
{(F,AN)| X(F,A)(z,y) := X(F, A, z,y) is transverse to X}

has full measure. On the other hand, the reader can check that the map X is transverse to 3.
Therefore, Z; is Zariski open and dense.

Let us prove that there exists Z C Z;, Zariski open and dense subset, such that for any
(F,A) € Z then F(F,A) € Fol(d), d=dy + ... + dj, — 2, and F(F, A) has at least

E+d+1-) did;
i<j
Morse centers. Recall that if (F1, ..., Fx, A1,..., \g) € P(D, k) then
o S; = (F; =0) is F(F,A)-invariant, j € {1,...,k}. In particular, any singularity of the
curve S := J; S; is a singularity of F(F,A).
Let Z3 be the Zariski open and dense subset of P(D, k) defined by (F,A) € Zy if
(1). Sy,..., Sk are smooth.
(2). for all ¢ < j the curves S; and S; are transverse, so that #(S;, N S;) = d, d;.
(3). if i < j < ¢ then S;NS; NS, =0.
4). \j#0forall j=1,...,kforall j=1,..,k and if i < j then \; # ;.
If (F,A) € Z5 then :
(i). ifp 6 S;\U,x; Si then p ¢ sing(F(F,A)).
(ii). if ¢ # j and p € S; N S, then p is a non-degenerate singularity of F(F, A) with charac-

teristic values —\;/A; and =i/ i

Properties (i) and (ii) are well known (cf. [LN-S]). In particular, if (F,A) € Zy then F(F,A)
has no Morse center on the curve S because the characteristic values of the singularities on S
are different from —1, by (4). On the other hand, if (F,A) € Z; N Z := Z then the divisor of
zeroes of Q(F, A) is empty and so F(F,A) has degree d = dy + ... + dp, — 2. Moreover, it follows
from (1), (2) and (3) that sing(F(F,A)) NS =;.,; 5N S;, and so

#(sing(F(F,A)NS) = did; =

i<j
#(Morse centers of F(F,A)) =d? +d+1— Zdi d; =N(D) .
i<j
It remains to prove that all these Morse centers are persistent in V(D). Set
and
ScLz ={(p,F)eS) | FeL(D,Z) and p is a Morse center of F} ,
where S(d) = {(p, F) | F € Fol(d) and p is a singularity of F}.
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Remark 2.2. The map Pz := Ps|s.c,: ScLz — Lz is a covering map with N (D) sheets.

In fact, since Pz is a covering because Morse centers are non-degenerate singularities. On
the other hand, the number of sheets is N(D) because F(F,A) has N(d) Morse centers for all
(F,A) e Z.

It follows from corollary 1 that it is enough to prove that ScLz is connected. In fact,
fix 7o = F(Fo,Ao) € L(D,Z) and let pi,...,pn(p) be the Morse centers of F,. Note that
PN F,) = {(pjy Fo)|j = 1,...., N(D)}. On the other hand, it is clear that at least one of the
Morse centers of F,, say p1, is persistent in V(D). If we can prove that S¢ Lz is connected then
there exist continuous curves 5;: [0,1] = ScLz, j =2, ..., N(D), such that 3,;(0) = (p1, F,) and
B;(1) = (pj, Fo), 2 < j < N(D), and this implies, via corollary 1, that all centers of F, are
persistent in V(D).

Let us give an idea of the proof that S¢ Lz is connected. Observe first that £z is connected.
In particular, it is sufficient to prove that there is a fiber P, 1(f1) with the property that it is
possible to connect any two points in this fiber by a curve in S¢Lz. With this in mind, we
consider a logarithmic foliation G on P3 defined in homogeneous coordinates by the form

k
dG,
QZE bV}
(7) j:1)\] Gj )

1. G € Clz, ..., 23] is homogeneous of degree d;, 1 < j < k. We assume that the algebraic
set S; of P? defined by G; = 0 is smooth, 1 < j < k.
2. if i # j then S; and S are tranverse.
3. ifk>3and 1 <i<j</{<kthen dG;(p) A dG;(p) A dGs(p) # 0 for any p € C*\ {0}
with G;(p) = G,;(p) = Ge(p) = 0.
4. ifk>4and1<i<j<l<m<kthen (G,=G; =G;=G, =0)={0}.
5. Aj#Oforall j=1,..,kand \; # X; forall 1 <i<j <k
Given a linearly embedded plane P? ~ ¥ C P3 then we can define a logarithmic foliation on P2
by the restriction |x. In fact we will consider a more general situation as below:

Remark 2.3. Let H be a codimension one holomorphic foliation of P3. We say that a 2-plane
P2 ~ ¥ C P3 is in general position with respect (notation g.p.w.r.) to H if

e 3 is not H-invariant.

e outside ¥ N sing(H) the tangencies of H with ¥ are isolated points in X.

Note that the set of 2-planes in g.p.w.r. to H is a Zariski open and dense subset of IFD?’, the dual
of P? (cf. [C-LN-S]).

Given a 2-plane P? ~ ¥ C P? in g.p.w.r. to H then the restriction M|y is defined as i*(H),
where i: ¥ — P2 is a linear embedding. Note that the singular set of H|x can be written as

sing(H|s) = T(H,X) U (Z N sing(H))

where T(#H, ) denotes the set of points ¢ € P3 \ sing(H) such that X is tangent at q to the leaf
of H through ¢. Since ¢ ¢ sing(H), H has a holomorphic first integral in a neighborhood of ¢,
say f: U — C. In particular, g := f|sny is a holomorphic first integral of Hyx, in a neighborhood
of ¢ in ¥. Since ¥ is tangent to H at ¢, q is a singular point of g. We say that the tangency
is non-degenerate at g € T(H,X) if ¢ is a Morse singularity of g and so a Morse center of H|sx.
Otherwise, we say that the tangency is degenerate.

Now, we introduce the Gauss map of H, G: P3\ sing(H) — P3, defined by

G(q) = 2-plane tangent at g to H .
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Note that G can be considered as a rational map G: P3 --» P3. Given ¢ € P? \ sing(#) such
that G(q) is in g.p.w.r. to H we set H(q) := H|q(q). Note that g is a singular point of H(q). Set

M(H) = {q € P>\ sing(H) | q is a Morse center of H(q)} ,
S(H)={X | ¥ CP?is a2plane and ¥ g € T(H, ) then q is a Morse center of H|s}
and
MS(H) := {q € P* \ sing(H) | G(q) € S(H)} .
The following result was proved in [Ce-LN]:

Theorem 2.1. Let H be a holomorphic codimension one foliation on P3. If M(H) = () then all
leaves of H are ruled surfaces and
(a). either H = ®*(G), where ®: P> — P? is a linear map (a linear pull-back),
(b). or H has rational first integral ¢ that can be written in some homogeneous coordinate
system as
z P(z,y) + Q(z,y)
wP(x,y) + R(z,y) ’
where P,Q, R are homogeneous polynomials with deg(Q) = deg(R) = deg(P) + 1.

¢(x7yazaw) =

As a consequence, we get the following:

Corollary 2.1. If H is not as in (a) or (b) of theorem 2.1 then MS(H) is a Zariski open and
dense subset of P3. In particular, MS(H) is connected.

Sketch of the proof. By analycity of H it can be proved that Y := P3\ M(H) is an algebraic
subset of P3. In particular, M(H) is a Zariski open subset of P3. Since H is not as (a) or (b) of
theorem 2.1 we get M (H) # () and so Y is proper and the set Z := Y \ sing(H) has dimension
< 2. Since the Gauss map G is rational the set W := G(Z) is algebraic of dimension < 2.
In particular, G is dominant and G~1(W) is a proper algebraic subset of P3. It follows that
U :=P3\ G (W) is a Zariski open and dense subset of P3. Now, it follows from the definition
that U = M S(#), which proves the result. O

Let us finish the proof that S¢ Lz is connected. The reader can check that the logarithmic
foliation G on P3 defined by (7) with the properties 1,...,5, is not like in (a) or (b) of theorem
2.1. As a consequence, MS(G) C P3 is open dense and connected. Fix pg € MS(G) and
let 7, := Gla(p,), where G denotes the Gauss map of G. Note that with condition 5 then
the set of Morse centers of F, coincides with T(G, G(pp)). In particular, p, is a Morse center
of 7, and F, € Lz(D). Fix another Morse center p; of F,. Since MS(G) is connected let
v:[0,1] = MS(G) be a curve with v(0) = py and v(1) = p;. Let Z: [0,1] x P2 — P be a
continuous map such that for any ¢ € [0,1] the map Z;: P? — P3 is a linear embedding with
Z;(P?) = G(v(t)). This defines a continuous curve I': [0,1] — Lz by T'(t) = Z*(G|a(y(t))) with
the property that I'(0) = T'(1) = Z;(F,) and Z; *(p,) can be continued along I' by the curve
§ =:[0,1] — P? defined by 6(t) = Z; *(y(t)), so that the hypothesis of corollary 1 is verified.
This finishes the proof of corollary 2. (]

2.4. Proof of Corollary 3. A foliation F, € R(1,d+ 1) has a rational first integral written in
homogeneous coordinates as F,,/L4T!, where F, is homogeneous of degree d+ 1 and L, is linear.
By corollary 2 if F, and L, are generic then F, has degree d and N(1,d+ 1) = d? Morse centers.
Let V(1,d + 1) be the irreducible component of Folx(d) containing R(1,d 4+ 1). By corollary 2
the d*> Morse centers of F, are persistent in V(1,d + 1), so that there is a neighborhood U of F,
in Fol(d) such that any foliation F € V(1,d+ 1) NU has d?> Morse centers. It is enough to prove
that V(1,d+ 1) NU C R(1,d + 1). The proof of this fact is based on the following:
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Lemma 2.3. Let F € Fol(d) be such that F has d* non-degenerate singularities with Baum-Bott
index zero. Then F € R(1,d+1).

Proof. Let p1,...,pqs2 be the non-degenerate singularities of F with Baum-Bott index zero.
Let us prove first that F has an invariant straight line ¢ such that p; ¢ ¢, 1 < j < d?. Fix an
affine coordinate system (z,y) € C? C P? such that the line at infinity is not F-invariant and
P1,...;Pgz € C2. In this case, F is induced in C? by a vector field X of the form,

0 0
X = —+ (b —
(a+ag)z +( +yg)8y :
where a,b are polynomials with deg(a),deg(b) < d and ¢ is a non-identically zero degree d
homogeneous polynomial.
Let I be the ideal generated by a + zg and div(X), where
) da+xg) Ob+yg) Oda Ob
div(X) = =—+—+(d+2)g.
v(X) Ox + Oy 8x+3y+( +2)g
By Bezout’s Theorem we have that V(I) = {p € P?|f(p) = 0,Vf € I} has degree
deg(div(X)) deg(a + zg) = d(d + 1), i.e., V(I) has d? + d points(counted with multiplicity):
d of these points are at infinity; they correspond to the intersection of the curve {g = 0}(which
is a union of lines) with the line at infinity; the other d? correspond to the singularities of X in
C? where div(X) = 0, i.e., with Baum-Bott index zero.
Since b + yg vanishes on all points of V(I) it must belong to I. Keeping in mind that
deg(b+ yg) = deg(a + xg) = deg(div(X)) + 1 we see that there exists ¢, € C[z,y] such that
deg(¢1) = deg(¢3) = 1 and

X(by) = £y - div(X)

Note that the left-hand side of the above equation vanishes at all singularities of X. We can
suppose, without loss of generality, that all the singularities of F are contained in C2. Thus
all the singularities of F with Baum-Bott index distinct from zero are in ¢. Comparing the
homogeneous terms of degree d + 1 of the equation one obtains that

ol ol or tol4
g(lzz:+1y) =(d+2)g <2x+2y).

ox dy Ox dy
Thus ¢; — (d + 2)¢5 € C, and consequently
X (£s) 1 )
= —— - div(X
‘62 d + 2 IV( )3

proving that /5 is invariant.
From now on we will suppose that F has an invariant line and will choose an affine coordinate
system where the line at infinity is invariant and

Xzag—i-b2

with deg(a) = deg(b) = d. We claim that div(X) = 0. Suppose not and let I be the ideal
generated by div(X) and a. V(I) in this case has degree d(d — 1) and has to vanish at d? points
what is clearly impossible unless div(X) = 0.

Now, note that div(X) = 0 is equivalent dw = 0, where w = bdx — ady, which implies w = df
for some polynomial f of degree d + 1, i.e., f is a first integral of F|c2. This implies that
FeR(1,d+1). O
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2.5. Proof of Corollary 4. We identify a holomorphic map ®: P? — P2, via the projection
II: C3\ {0} — P2, with its lifiting o = (Fy, F1, Fy): C® — C3, where Fy, Fy, Fy € Clzg, 21, 72]
are homogeneous polynomials of the same degree such that (Fyp = F; = F» = 0) = {0}. The
algebraic degree of ® is the common degree of Fy, F} and F5. We denote the set of holomorphic
maps of algebraic degree k by H (k). Note that H(k) can be identified with a Zariski open and
dende subset of a projective space of polynomials. Given ® = (Fy, Fy, Fy) € H(k) we define its
Jacobian, J(®), by
dFO /\dFl /\dFQ = J((I)) .d(ﬁo /\del A d{EQ .
Observe that the singular set of ® is S(®) := II(J(®) = 0) C P2. If J(®) # 0 then S(®P) defines
a divisor of degree 3(k — 1) in P2
Let us consider the 1-forms Q;; on C3, 0 <4 < j < 2, defined by

It can be proved that the subset of P2 where ® has rank 0 (that is D®(p) = 0) is defined in
homogeneous coordinates by

Z(®):={peC*\ {0} | Qy(p)=0,0<i<j<2}.

We observe Z(®) C S(®). Moreover, if dF; A dF; # 0 then the set Z;; := II(O;; = 0) is finite
and contains 4k% — 6k + 3 points counted with multiplicities.
As the reader can check, this implies that the following subset of H(k) is Zariski open and
dense:
W(k)={® = [Fy: F\ : F3] | J(®) is irreducible and Z(®) = ()} .
If & € W(k) then:

e S(®) is a smooth curve of P2.
e rank(D®(p)) > 1 for all p € P? and rank(D®(p)) =1 <= p € S(®). In particular,
dim(ker(D®(p))) = 1 and dim(Im(D®(p)) =1 for all p € S(D).
o C(®) := {p € S(®)|ker(D®(p)) = T,5(P)} is a finite subset of S(®). Note that
®(S(®)) is an irreducible singular curve of P? and if p € C(®) then ®(p) is a singularity
of ®(S(®)) of cuspidal type.
o if pe S(®)\ C(®) then p is a fold singularity, that is there exists a holomorphic chart
¢ = (x,y): U— C? p € U, such that ¢(p) = 0 and ®(z,y) = (z,y?).
Now, fix ® € W(k) and assume that G € Fol(d) satisfies the following conditions:
e all singularities of G are non-degenerate and G has no Morse center.

D(S(®)) Nsing(g) = 0.
if p € C(®) then Im(D®(p)) is transverse to the leaf of G through p.
the tangencies of G with ®(S(®) \ C(®)) are non-degenerate.

It can be proved that the set Z(®) of foliations in Fol(d) that satisfy the above conditions is a
Zariski open and dense subset. We leave the proof to the reader.

On the other hand, if ® = [Fy : Fy : Fy] and G are as above then G is represented in
homogeneous coordinates by a polynomial 1-form w = Pdx + Q dy + Rdz, where P, @ and R
are homogeneous polynomials of degree d + 1 and z P+ y @Q + z R = 0. It follows that ®*(G) is
represented in homogeneous coordinates by the form

P(Fy, F1, Fy) dFy + Q(Fo, F1, Fy) dFy + R(Fo, Fi, Fp) dFs

whose coeffitients are homogeneous of degree (d + 1)k + k — 1. This implies that ®*(G) has
degree £ := (d+ 1)k +k—2 = (d+ 2)k — 2. On the other hand, the map ® has topological
degree k% and if we set X = ®~1(®(5(®))) then the map

Dlpay x: P2\ X — P2\ &(S(®))
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is a regular covering with k? sheets. In particular, for any point p ¢ ®(S(®)) we have
#(®(p) = k2. Now, G has d* + d + 1 non-degenerate singularities and sing(G) N ®(S(®)) = 0,
so that ®~1(sing(G)) contains exactly k2 (d? 4+ d+ 1) singularities of ®*(G) which are not Morse
centers and are non-degenerate , because rank(D®(q)) = 2 for all ¢ ¢ X. Since the tangencies
of G with ®(S(¢) \ C(®)) are non-degenerate, the remaining singularities of ®*(G) are Morse
centers. Finally, the total number of singularities of ®*(G) is £2 + £ + 1, so that the number of
Morse centers is
Crl+1 -k (> +d+1)=3k—1)(k(d+1)—1) = N(d, k) .

It remains to prove that all these centers are persistent in the irreducible component of Fole (£)
that contains PB(d, k). It is sufficient to find an example ®*(F,) € PB(d, k) with N = N(d, k)
centers, say pi, ..., pn, such that for every 1 <i < j < N there exist curves G: [0,1] — PB(d, k)
and v: [0,1] — P? with G(0) = G(1) = ®*(F,), v(0) = pi, v(1) = p; and such that (t) is a
Morse center for G(t) for all ¢ € [0, 1]. The idea is the same of the proof of corollary 2: to extend
a foliation ®*(G) on P? C P3, with exactly N(d, k) Morse centers, to a foliation H on P? with
the following properties:

o H = U*(G) where ¥: P3 --» P2 is a rational extension of ®.
e if we denote by G: P3\ sing(#) — P3 the Gauss map associated to 7 then the subset

MS(H) := {p € P*\ sing(H) | H|c(p) has exactly N(d,k) Morse centers}

is a Zariski open and dense subset of P3. In particular, it is connected.

This is not very difficult to do and we leave the proof of the existence of this extension to the
reader. Finally, we consider a curve 7: [0,1] — MS(#) such that v(0) = p; and y(1) = p; and

set G(t) = H|a(y(t)), as in the proof of corollary 2. This finish the proof of corollary 4. O
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